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Abstract 

Combining twistor space and phase space formulation of quantum mechanics we propose a new 
framework of quantization of geometries which incorporates Wigner functions for geometrical ob¬ 
servables. Quantizing the light-cone in 2 -I- 1 and 3-1-1 dimensions results in one-sheet “quantum 
hyperboloids”. We propose that the latter rule the causal structure of the space-time, yielding 
uncertainty of positions and space-time curvature. The quantum hyperboloid predicts accelerated 
propagation of signals and effective space expansion, responsible for effects similar to “dark energy”. 
These effects are noticeable at scales of the quantization parameter in twistor space, denoted Heisen¬ 
berg length, and negligible at much larger scales since the hyperboloid is asymptotic to the light-cone. 
Due to space-time non-commutativity it is necessary to introduce notions of observers which are 
able to determine distances in specihc directions. Thus, in the perspective of a time-observer, time 
and radius of spatial sections of the quantum hyperboloid become discrete and bounded from be¬ 
low. Hence the time is quantized and punctual events are replaced by quantum events, which at 
determined time occur in a finite region of space bounded by quantum circles or quantum spheres 
respectively in 2 -I- 1 and 3-1-1 dimensions. Inside the latter bounds there is no notion of time 
and causality. We claim that quantum spheres may prevent a singular origin of the universe and 
complete evaporation of black holes. Using a twistor space - phase space correspondence allows us 
to compute the entropy of a finite volume in twistor-phase-space and observe that it is proportional 
to the area of a sphere in space-time. The quantum fluctuations of light-rays in 3 -I- 1 dimensions 
generate planes through the origin of the space-time, labeled by Plucker coordinates, and whose 
whole set is equivalent to the quantum version of the Grassmannian Gr(2,4). We show that these 
quantum algebraic variaties enjoy infinite symmetries known as higher spin symmetries. 
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1 Introduction 

It is expected that at about scales of the Planck length a description of the structure of space-time 
must combine aspects of geometry and quantum mechanics. Black hole information loss paradox (see 
e.g. [1,2]) and the AdS/CFT correspondence [3,4] have led to the suspicion that the observed physical 
reality of fields and gravity may be encoded in a system at the boundary of the space-time, with no 
dynamical gravity, and thus having the characteristic of a hologram [5-8]. Gomplementing this idea, it 
has been shown that gravity may be induced by field theory [9,10] or appear as an adiabatic reaction 
force [11]. These points of view encourage the exploration of new frameworks of quantum geometry 
without the introduction of gravity as a fundamental force, but rather expecting that it will emerge as 
a quantum and/or statistical effect. 

In what follows we will present a new approach for the quantization of space-time geometries which 
introduces Wigner functions in twistor space [12,13] allowing the quantization of geometries in a similar 
way to mechanical systems in the phase space formulation of quantum mechanics [14-18], referred to also 
as Groenewold-Moyal quantum mechanics (see also [19,20]), which is a precursor form of deformation 
quantization [17,18,21]. In particular, when quantizing the light-cone the time will become discrete 
and events will occur in finite regions of space where the notion of causality does not hold. The 
quantization of the light-cone leads necessarily to the quantization of the Grassmannian Gr(2,4). As we 
shall see, quantum mechanics will induce an effective curvature of space resulting from the deformation 
of the light-cone into a quantum hyperboloid. This modifies the causal structure of space-time provoking 
effective inflation of space and accelerated expansion of signals at small scales. The latter effects can 
be regarded as mimicking “dark energy”. While the finite size of events suggests a non-singular origin 
of the universe, it may also prevent a complete evaporation of black holes. Therefore we recognize a 
form of quantum gravity emerging from an axiom of quantization. In this approach the classical limit 
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is equivalent to the large scale limit, thus these results are not in contradiction with the Minkowskian 
model of space-time. 

More concretely, under some reality conditions twistor space can be regarded as a phase space which 
allows the parametrization of space-time subvarieties, the light-cone and the Gr(2,4), by means of phase 
space coordinates. Consequently this permits the introduction of a Groenewold-Moyal +-product [14,15] 
in twistor space together with the Wigner function [22]. The ♦-product induces a non-commutative 
algebra of observables in twistor space, while the Wigner function allows the measurement of expectation 
values of geometrical observables such as time, area and volume, for which the Wigner function solves 
their *-genvalue equation, 

G*W = gW, (1.1) 

where g, a constant, is the *-genvalue of the geometrical observable G, expressed in terms of twistor 
variables, and W is the Wigner function. From (1.1) W is the distribution in twistor phase space that 
yields the least variance for G. When G is chosen as the time coordinate, the Wigner function can be 
interpreted as encoding the spatial perspective of an observer possessing a clock. 

The equivalence of twistor space and phase space and the introduction of probability distributions 
permits the use of the tools of statistical mechanics also, allowing in particular the definition of the Gibbs 
entropy. We shall see that for constant probability distribution the Gibbs entropy in twistor phase space 
is proportional to the area of spheres, defined as the locus of ends of light-rays, parametrized by twistor 
variables restricted to a finite (ball) volume in twistor phase space. 

The construction to be presented here can also be regarded as providing a dictionary translating 
well understood mechanical systems into geometry. As we shall see, most of our results are reinterpre¬ 
tations of the physics of the harmonic oscillator into space-time geometries, which is possible due to 
the twistor space and phase space correspondence. For instance, the time coordinate in space-time as 
an observable in twistor phase space will be reinterpreted as the Hamiltonian of the planar Harmonic 
oscillator. Other generators of the kinematical and dynamical symmetries of the Harmonic oscillator will 
be interpreted as spatial directions of the light-cone and the coordinates of the Grassmannian Gr(2,4). 
That this mechanic-geometry correspondence is non-trivial is reflected for instance in the persistence 
of the Plucker constraints that define Gr(2,4) before and after quantization. The former observation 
about the computation of the entropy of twistor phase space and the area of spheres indicates also that 
this approach may also implement ideas of holography. We expect that in an analogous way for many 
mechanical systems there will be a geometrical reinterpretation, which could be found by means of the 
twistor space and phase space correspondence. 

Ours is a first step in the development of a theory in which space-time become a mechanical ob¬ 
servable in twistor phase space, hence providing a framework for its description using the tools of 
mechanics; classical, quantum and/or statistical. This approach suggests that space-time could be just 
a phenomenon occurring in the phase-space of a mechanical system. 


Plan of the paper 

• In section 2 we present an overview of the ideas and the results of this paper. 

• In section 3 we review some elements of phase space formulation of quantum mechanics [14-16, 
19,20]. In particular we define the Groenewold-Moyal product and solve the Harmonic oscillator 
spectrum as an example. 

• In section 4 we use phase space vectors, regarded as real twistor variables, to parametrize the 
light-cone in 2 4- 1 and 3 4-1 dimensions and the Grassmannian Gr(2,4). 

• In section 5 we use the ♦-product defined in section 3 and introduce the geometrieal Wigner function 
in twistor phase space to quantize the light-cone and the Grassmannian Gr(2,4) constructed in 
section 4. We compute the spectrum of the time coordinate, area, and volume. 
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• In section 6 we show that quantum hyperboloid and the quantum Grassmannian Gr(2,4) enjoy an 
infinite dimensional symmetry, so called higher spin symmetry. 

• In section 7 we introduce the concept of quantum hyperholid causal structure, quantum events, and 
point out the cosmological consequences of these new notions. 

• In section 8 we compute the entropy of a finite volume ball in four dimensional twistor phase space 
and show that it is proportional to the area of a two-sphere in space-time. 

• Section 9 we present our conclusions. 

For a fast overview of this paper the reader may wish to start in section 5, for which it will be 
necessary to consult the definition of the star-product in equation (3.4) and the parametrization of the 
light-cones in (4.37) and (4.50) and of the Grassmannian (4.54) in terms of twistor phase space variables. 


2 Overview and remarks 

The technical detail that allows us to combine twistor space and the phase space formulation of quan¬ 
tum mechanics is that under suitable reality conditions twistor space and phase space are equivalent. 
This means that the components of twistor coordinates will decompose in positions and momenta, and 
therefore regarded as describing the phase space of some mechanical system. This is possible to do since 
the conjugation matrix in a Majorana representation of a Clifford algebra plays the same role in twistor 
space, in the construction of Lorentz invariants, as the symplectic matrix does in a phase space, in the 
construction of symplectic invariants. 

In what follows we refer to twistor phase space as the spaces that can be treated simultaneously 
as twistor space, such that it can be used in the construction of geometries, and phase space, such 
that concepts of quantum/statistical mechanics can be implemented on top of it. This can be done in 
Minkowski spaces of dimensions 2,3,4 Mod 8 where Majorana representations of the Clifford algebra 
do exist, but here we study the specific cases of dimensions 3 and 4. 

In twistor phase space the conjugation matrix can be used in the definition of a ♦-product which is 
exactly the Groenewold-Moyal product in the phase space formulation of quantum mechanics with in¬ 
sured compatibility with Lorentz covariance. Therefore it is possible to deform the algebra of observables 
in twistor space using the ♦-product as it is done in the phase space formulation of quantum mechanics 
and to incorporate the Wigner function, a probabilistic distribution, in twistor phase space obtaining in 
this way a new framework of quantization of geometries. In this approach, time, or any other space-time 
direction, is just one observable among others such as area and volume. The choice of time measure¬ 
ment determines specific foliation of the space-time, but there are other choices where instead other 
directions will be determined while time will be undetermined. In fact, due to non-commutativity, all 
the coordinates can not be simultaneously measured, thus the observer must choose their measuring 
apparatus, either a “clock ” or a “yardstick”. We will choose the clock, meaning that we will solve the 
♦-genvalue equation (l.I) for the time observable 


X°*W = tW, (2.2) 

thus finding its Wigner distribution W, and its eigenvalue t. W will be interpreted as representing the 
spatial situation in the perspective of an observer at determined time t, since the expectation values of 
any other observable, say /, will be taken with respect to W in (2.2) as an integral in twistor phase 
space, 

</>= f f*w. 

Jtw 

Thus, when referring to an observer, we should label them by the observable that can be measured, 
i.e. G in (1.1). Therefore we will refer to time-observer as the observer that can determine the time. 
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according to (2.2). As we shall see, one of the consequences of (2.2) is that the time will be discrete 
(see (5.95) for the spectrum of time in 3 + 1 dimensions). 

The ♦-product is a uni-parametric deformation of the juxtaposition product of functions in phase 
space, and in this case of twistor phase space. This parameter will be denoted /h: referred to 

as Heisenberg length, as twistor variables have dimensions of square root of length in space-time. In 
particular the Moyal bracket, which is the anti-symmetric part of the associative ♦-product, yields a 
Heisenberg algebra of twistor phase space coordinates, with /h being the central charge. From non¬ 
commutativity in twistor phase space, non-commutativity of the coordinates of the light-cone and of 
the Grassmannian Gr(2,4)^ will be induced in a Lorentz covariant way. 

It could be expected that /h should be of the order of the Planck length, but there is no experimental 
evidence to support this thesis. However, the computation of the Gibbs entropy, to be carried out in 
section 8, for constant probability distribution in four dimensional twistor phase space restricted to a 
finite volume element yields an entropy proportional to the area of a sphere in space-time, and which 
corresponds to the locus of ends of light-rays parametrized by twistor variables in that finite volume. 
Thus an equivalence with the Bekenstein-Hawking entropy of black holes is suggested. More precisely, 
this result indicates that the information of black holes can be encoded in a finite volume of a four 
dimensional phase space, i.e. with a two dimensional configuration space, and our construction provides 
a map to such system. Equaling the entropy obtained by our means and the Bekenstein-Hawking entropy 
provides a numerical value of the Heisenberg length, which is proportional and of the same order of the 
Planck length. 

In 2 -t 1 dimensions the coordinates of the light-cone, given in terms of phase spaee twistors, span 
with the Moyal bracket a representation of the sp{2) = so{2, 1) algebra. The Casimir of this algebra is 
identified with the constraint characterizing a one-sheet (two-dimensional) quantum hyperboloid [24,25], 
which is the non-compact counterpart of the fuzzy sphere [26,27]. In 3 -t 1 dimensions the Moyal 
bracket of light-cone coordinates generates a new tensor, corresponding to the Pliicker coordinates of 
the Grassmannian Gr(2,4). The coordinates of the light-cone and of Gr(2,4) with the Moyal bracket 
will span a representation of the sp(4) = so(3, 2) algebra, known as harmonic oscillator, metaplectic, 
or singleton representation [28], introduced first by Majorana [29,30], though it is frequently attributed 
to Dirac [31]. Therefore light-rays trajectories fluctuate on the planes of the Grassmannian. The 
constraint of the light-cone in 3 + 1 dimensions will be deformed into the constraint of a one-sheet 
quantum hyperboloid embedded in 3 + 1 dimensions whose minimum spatial section has a radius of the 
order of the Heinseberg length, while the Plucker constraints that define Gr(2,4) will maintain their 
form. 

From their so(3, 2) algebra, the coordinates of the quantum Grassmannian and the quantum hy¬ 
perboloid in 3 -t 1 dimensions generate their own symmetry transformations. Indeed, we will observe 
that the symmetry of these varieties in their quantized form will be infinite dimensional, and equivalent 
to some higher spin symmetries [32]. In this aspect we extend the result of reference [25], where it 
was shown that the two-dimensional quantum hyperboloid and the quantum sphere have higher spin 
symmetries. In fact, it is worth commenting that the ♦-product technology has been used not only 
in quantum mechanics and in non-commutative geometry, but due to the simplicity of manipulating 
higher order polynomials and distributions in non-commutative variables, it has greatly facilitated the 
construction of higher spin algebras [32,33]. This has been useful for the study of higher spin extensions 
of gravity in Vasiliev’s formulation [34,35] (see [33,36,37] for review articles and [38,39] for off-shell 
description). 

We shall see that, from equation (2.2), the time coordinate and the radius of spatial sections of 
the quantum hyperboloid can be determined simultaneously, having a discrete spectrum and lowest 
bounds. This implies that it is not possible to measure time and localize positions before these bounds. 
Consequently, the notion of punctual events will be replaced by quantum events. 

A quantum event, at a determined time, occupies a finite region of space, which we call quantum 

^Though the non-commutative Grassmannian Gr(2,4), with an Euclidean signature, was studied in [23], here we 
emphasize its particular physical relevance when the ambient space of the planes is Lorentzian, since it will contain the 
light-cone, and therefore its quantization will affect the notion of the causal structure of the space-time. 
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ball in 3 + 1 dimensions, or quantum disc in 2 + 1 dimensions, which are of the scale of the Heisenberg 
length. Quantum balls/discs will become the elementary units of space for time-observers and inside 
these structures there will be no notion of time, causality or localization. In addition, successions of 
events will occur in discrete lapses. For a time-observer the information of a quantum event consists 
of the global state of the respective quantum disc/bail, and hence obtainable at its boundary, again 
suggesting a holographic nature of causally connected spaces. Thus the space-time can be regarded as 
an arrangement of quantum balls where information propagates though the network formed by their 
surfaces. 

Thought we do not explore in detail the phenomenological implications of this new vision of space- 
time, we believe that it may indeed be predictive. At least qualitatively the deformation of light-cones 
into quantum hyperboloids provides a natural source of expansion of space and acceleration of signals 
which may be compared with the effects of dark energy. In addition, the presented framework could 
explain some aspects related to the origin of the universe, which could have been born in a quantum event 
instead of a space-time singularity, and also play a role in the explanation of the origin of inflation. Also, 
on could expect that the existence of quantum events, more precisely of quantum balls, may prevent 
complete evaporation of black holes. 


3 Elements of Groenewold-Moyal quantization 


Quantization in Hilbert spaces assigns operators to functions on the phase space in a given prescription 
of ordering. Instead in phase space formulation, a ♦-product is introduced such that the algebra of 
observables becomes non-commutative. In addition, the Wigner function is introduced in order to 
measure the expectation values of observables [16,19]. In what follows we will present only some 
elements of this approach which will be necessary for our final purpose. Our exposition is based mostly 
on the references [19,40], where the reader may find further details and references. 

Consider a 2(i-dimensional phase space spanned by coordinates, 

Ca = {qi,-■-qd^Pi,-■ ■ ,Pd) e , (3.3) 

composed of d positions (q’s) and d momenta (p’s). Now, for two arbitrary functions / and p, the 
Groenewold-Moyal ♦-product is defined as, 

f{C)*g(C) = J exp (f (GC“)) f{C + 0 g{C + C ), (3.4) 

where in the exponential we use the symplectic matrix 

- ( -. 1 . ) ■ <“> 

to perform the contraction of the integration parameters according to the following conventions, 

C“ = C“^C/3, Cc.=C‘"C^c., where . (3.6) 

The constant /h, the parameter of deformation of the product of functions in phase space, has dimensions 
of area of phase space. For the moment we do not determine its units but it can be thought of as the 
Planck constant, until the following section where it will have dimensions of length in space-time. 

The ♦-product of two vectors yields. 





(3.7) 


where the symmetric part, = CpCa is just the “classical product” of commuting variables. For 

any function / and a vector Ca^ 


+ /(£)♦£„ = £„/(£)(3.8) 
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The Moyal bracket, or ♦-commutator, is defined as 


[f ,9]* ■= f*9-9*f- 

(3.9) 

From (3.8) we obtain, 



(3.10) 

We define the ♦-anti-commutator. 


{f,9}* ■= f*9 + g*f, 

(3.11) 

which extracts the classical component of the product (3.8), 


{Ca, /(A)}* = 2Ca f{C) = 2f{C) Ca ■ 

(3.12) 


Fully symmetric product of phase space vectors, 

1 


■^(ai *-^02 * ■ ' ' ■ I y I ■^a'(cti) *-^tT(ct2) * ' ' ' , , 

(7 

where a belongs to the permutation group of n elements, do not generate quantum corrections; 

^{cXi*^OL2* ' ’ * *^^OLn) ~ ^OL\^OL2 ' * ' ^OL-n 1 


(3.13) 


i.e. the r.h.s. is just a real-valued monomial in the phase space. The generators (3.13), for n = 0,1,..., 
form a basis of observables in the phase space. 

It is convenient to use the following notation for the product (3.13), 


^a(n) ^ai^a2 ' ' ' 


(3.14) 


The algebra of these generators, with the ♦-product, span a representation of the associative Weyl 
algebra, i.e. the universal enveloping algebra of the Heisenberg algebra 


The second order generators 


[Cot , ]* := i/n Cap ■ 


C^ai^Ca2) Ca\Ca2 i 


(3.15) 


(3.16) 


when endowed with the Moyal bracket (3.9) generate a sp{2d) algebra, i.e. generators of symplectic 
transformation in the phase space. 

In addition to the ♦-product of observables, an essential element of quantization in the phase space is 
the Wigner function, denoted by IT = W{q,p) = W{C), which represents the state of a physical system. 
The Wigner function is not necessarily positive definite, it is not a bona fide probability distribution but 
it has a probabilistic meaning. The reader may wish to consult reference [41] for a didactic explanation 
of the physical meaning of the Wigner function and of its experimental observation in double-slit atom 
refraction and in atom trap experiments. 

Quantization in phase space does not need to choose coordinate or momentum space, and still yields 
uncertainty relation from (3.15) (see proof in [19] or [20]), 

AgAp 5! y . 


The Wigner function is normalized. 


J d^'^C W = l, 


(3.17) 
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and the expectation value of an observable f{C) is given by the integral, 

</(£)> = (3.18) 

For pure states the Wigner function can be expressed in terms of wave functions [22]. For instance, in 
the one dimensional case, 

W{q,p) = ^ f dsi>qiq + s)'4)*{q-s) eyip(2isp/^^) = ^ f dstpp{p + s)'>p*{p-s) exp(2isp/^^). (3.19) 

'n-fu J J 

The marginal probabilities in coordinate or momentum space are respectively given by the shadows, 

= J dpW{q,p) , \ipp{p)\^ = J dqW{q,p) . (3.20) 

Non-negative expectation values are obtained for expressions of the form, 

{/*{€)*/{€)) ^ 0 (3.21) 

where f* is the complex conjugated of / (see proof e.g. in [20,40]). 

A functions /(A) with argument A can be promoted to a ^-function replacing its Taylor expansion 

/(A) = 2 /; A', 

I 


where fi are constants, by 


/*(A) :=!],/; A^_^. 

I — times 


(3.22) 


A Weyl ordered ♦-function, 

[/*(£)]iy:= y r(")£(„^^£„,* •■•♦£„„), 

a{n) 

where are constants with symmetric indices a{n), is by the property (3.14) equivalent to the 

classical function, 

/(£) = [/*(£)] w (3.23) 

The evolution in time r of the Wigner function in phase space is governed by the Moyal equation, 

dW 

— + [H,W].=0, (3.24) 

where H is the Hamiltonian. Static Wigner functions, dWjdr = 0, satisfy the stronger ♦-genvalue 
equation [16], 

H*W = W*H = EW, (3.25) 

where E is the energy of the system. The explicit computation of the ♦-product (3.25) leads to a 
differential operator acting on W, thus defining a standard eigenvalue problem. 

From (3.25) follows the static Moyal equation. 


[H, W]* = 0 . 


(3.26) 


Some useful lemmas used in the computations performed in this paper are: 


• multiplication of a function by the square of a symplectic vector: 


Cc.Cp*f{C) = C^CpfiC) + , (3.27) 

f{C)*C^Cf, = C^CpfiC) - , (3.28) 

• the fourth order ♦-product of a symplectic vector: 


C-olC-^*C-^C,c^ = CaCi3C^C(^ + i— {CaiC,pC(^ + CaC,Cf}C^ + Cpf^CaCc^ + Cpc^CaC^) 


(C„«C;3C + C^cC(3i) ■ 


(3.29) 


where we made use of the relations = Cap and Cap • 

Example: Quantization of the harmonic oscillator 

Here we will review quantization of the harmonic oscillator (see [18,40]). The harmonic oscillator in d 
spatial dimensions has Hamiltonian, 


Hd-.= \5‘-I^CaCp = \{^^+ ir^), 

Here we introduced a standard notation for the SO{d) invariant product in 

172 .= = (^^)2 +... + ^ g 

With the help of (3.27), we find the *-eigenfunctions of H, 

,nd ("^ 5 ,■ ■■ tTni ,■■ ■ ("^ ; ) 7 .^ni ,■■ ■ /h T * * * T Tlfj^ + — 

where 

■■= n^l Wn^{qk,Pk), 
is the classical product of solutions of the d = 1 -dimensional problem, 

^n{q,p) = exp ^ ^ ^ ^ ) 7 Ln{z) ■.= ^ exp{z)^{z^exp{-z)), (3.34) 

being Ln polynomials of Laguerre. They satisfy the completion identity, 

00 

/h"' • (3.35) 

n=0 


(3.30) 

(3.31) 

(3.32) 

(3.33) 


Though the resulting spectrum of energies is the same as in canonical quantization, the ♦-genfunctions 
of the Hamiltonian involve Laguerre and not Hermite Polynomials, while the relation between both kinds 
of polynomials is given by the relation (3.19). 
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4 Classical twistor parametrization of light-cones and the 
Grassmannian Gr(2,4) 

Phase space variables can be used like twisters to parametrize the light-cone in 2 -I-1 and 3-1-1 dimensions 
and the Grassmannian Gr(2,4). In other words, twistor spaces can be regarded as phase spaces requiring 
that they and their associated Clifford algebras are real, and that the conjugation matrix with the 
symplectic matrix in phase spaces are identified. This can be done in Minkowski spaces of dimensions 
2,3,4 Mod 8 where Majorana representations of the Clifford algebra do exist. However here we only 
consider the 2 4-1 and 3-1-1 dimensional cases. In the latter case the isomorphism of algebras sp{2) = 
so(2,1) and sp(4) = so(3, 2) insures that both types of local covariance, Lorentz and symplectic, are 
equivalent. In what follows we use the denotations phase space twisters or twistor phase space to refer 
to the double role of these variables and their spaces. 

4.1 Light-cone in three dimensions 

The light-cone in 2 -I- 1 dimensions is defined by the algebraic constraint, 

x^Xi_i = 0, /i = 0,1,2, (4.36) 

where the indices of the coordinates x^ are contracted using the Minkowski metric 77 ^ 1 ^, with diagonal 
elements (— 1 , 1 , 1 ). 

(4.36) can be solved parametrizing the light-cone using quadratic polynomials in phase space 

- q\ -^qp) , (4.37) 

which defines a map, 

a;'" : ^ ^2 ^ (-4 3 g^ 

with denoting the two dimensional cone. 

The coordinate a;°, the time, takes only positive values, hence (4.37) parametrizes the upper sheet 
of the light-one. Indeed the map (4.38) covers the cone twice, as we can observe when we pass to polar 
coordinates, 

p = rcos{9), q = rsm{6), (4.39) 

where r and 9 are respectively the radial and angular coordinates, implies 

x^ = -r^ ^ 1, cos(20), — sin(20)^ . (4.40) 

The map (4.38) is a bijection only in the half-plane. 

Phase space vectors will transform in the spin-1/2 adjoint representation of the Lorentz algebra, 
while their symmetric quadratic products (4.37) will transform in the representation of spin one. This 
is more evident when we express (4.37) in a twistor-like form, 

x^ = i/:“(r/^)„%, (4.41) 

where we have introduced the 2 -I- ID Dirac matrices in the Majorana representation 

(d)/ = (o-^)cf, (T^)j^ = -{cr^)a, 

defined in terms of Pauli matrices. They satisfy, 

where the Levy-Civita pseudo-tensor is defined such that eoi 2 = 1- 
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Now £, the phase space vector (3.3) in the case n = 1, can be seen as a twistor variable, and the 
symplectic matrix Cap as a conjugation matrix. Indeed, in this representation of the Clifford algebra we 
can raise and lower indices as or obtaining symmetric and real matrices, 

, {r,)ap = {r,)pa , (r^Tap = {r^U {{r^T^T = , 

where we have used conventions like in (3.6). With the reality condition £* = La the light-cone 
coordinates (4.41) will remain real-valued. 

That (4.41) solves (4.36) can be verified also using the identity, 

5a'^ - 5a^ 5a'^', (4.42) 

and that LaLL = [£i,£ 2 ] = 0, since the L variables are c-numbers. 

The Sp{2) transformations in phase space, 

^'a = 9a^^p , 9 ■= exp(e^ J^), (4.43) 

can be generated by the matrices 

(4.44) 

which satisfy the so(2,1) = sp{2) algebra, 

[J^., Ju] = , (4.45) 

and with parameters e^. (4.43) induces the transformation, 

= lL'<^{Tf^)jL'p = , (4.46) 

which is equivalent to 

= (exp(e^ Ja))'"i/ , (4.47) 

i.e. the exponential of the spin-1 Lorentz algebra generated by the Levy-Civita pseudotensor, 

{Jxr. ■■= . (4.48) 


4.2 Light-cone in fonr dimensions and the Grassmannian Gr(2,4) 


To be systematic, consider now a four dimensional twistor phase space, spanned by vectors 

Ca = { 91 , 92 ,Pi,P2) G 


(4.49) 


and proceed as before. The embedding of the light-cone in four dimensions is now given by^ 


= i£“(7'^)„^£/3, a = 1,2, 3,4, /x = 0,l,2,3. 


(4.50) 


where 


( 7 ' 

iiV = 


OC/3 = I 

-a° 0 


(7 


Iff/3 = 


0 a'^ 

a° 0 


0 


(iv - (7 


^In order to not introduce too many symbols for indices of vectors in space-time and in phase space in different 
dimensions we used regular characters a = 1, 2 and p = 0,1, 2 and boldface characters for o: = 1, 2, 3, 4 and /i. = 0,1, 2, 3 
in the present case. 
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are Dirac matrices in a Majorana representation. They have the symmetry properties, 

= ( 7 '^w = ( 4 . 51 ) 

and are real-valued. Again, we have used the symplectic matrix (3.5) as the conjugation matrix of the 
Clifford algebra generated by y'^’s, which is possible owing to the algebra isomorphism sp(4) = so(3, 2). 
From (4.50) we obtain, 

= \{Pi + qI+pI + <i), = \{pI -<iI+pI- ql), 

= K'JiPi - 92 P 2 ), = - 5 ( 91^2 + 92 P 1 ), (4.52) 

and we can verify that 

= (4.53) 

where the Minkowski metric with diagonal elements (—1,1,1,1), has been used in the contraction 
of vector indices. 

The light-cone in four dimensions is a three dimensional manifold, like the “world volume” of a sphere 
expanding at the speed of light, however the phase space is four dimensional. Hence, some directions of 
the phase space do not appear in (4.50). 

The lost direction should appear from other quadratic products of phase space/twistors. Consider 
the contraction 

= (4.54) 

equivalent to, 

= (y-^{qiPi + 92 P 2 ), ^{pI -ql-pl + ql), ^(9192 - piP 2 )^ (4.55) 

z" = Q(91P2 - 92 P 1 ), -^{piP 2 + 9192 ), \i-Pi -ql+pl + 9l)j , (4.56) 

where we defined 

:=^e,jkZ^^ = {Z^\Z^\Z^^), *, j. A: = 1, 2, 3, (4.57) 

and eijk is the euclidean Levy-Civita pseudo-tensor. 

The tensor Z'^'' has four non-equivalent degrees of freedom. The redundancy of the six Zs is reflected 
in the identities, Z 01 Z 23 + Zi 22 'o 3 + Z 20 Z 13 = 0 , equivalent to 

e'^‘'^PZ^^Zxp = 0 , (4.58) 

and the identity 

Zf^‘'Z^^ = 0 , (4.59) 

where the Levi-Civita pseudotensor is such that eoi 23 = 1. 

Note that with raised spinor/symplectic indices the matrix [y'^ , is symmetric 

and real. Together with (q^)“^ they span the maximum number of 4 x 4 symmetric matrices, ten. 
The remaining anti-symmetric matrices in the 4x4 matrix algebra yield vanishing contractions with 
jCajC /3 = C,pC,cn so that there are no more independent quadratic polynomials in the four dimensional 
twistor phase space. 

The constraints (4.58) are known as Pliicker constraints and they define the Grassmannian Gr(2,4). 
This is the set of all two-planes through the origin of a four dimensional space, here with Lorentz signa¬ 
ture, and their coordinates are given by the components of the tensor Z^'', called Pliicker coordinates. 
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The generalization of this variety to higher dimensional fc-planes through the origin of n-dimensional 
vector spaces are denoted Gr(fc, n), and were studied by H. Grassmann. They play an important role in 
algebraic geometry. 

It is worth to showing how the Pliicker coordinates describe planes. Consider two vectors and 
in the four dimensional Minkowski space-time. Their exterior product, 

:= - {YY , (4.60) 

describes the plane containing both vectors, and . Now, with the identification, 

{v^Y=Xf^. (^2)*^ = (4.61) 

we obtain 

^ ^0 (-4 g2) 

Up to scaling by the time coordinate > 0, and describe the same plane. Indeed, the 
length of the vectors generating the plane (4.60) does not matter as long as it does not vanish. More 
generally, any linear combination of the basis and generates the same plane. This is reflected in 
the homogeneity of equation (4.58). 

The additional relation (4.59) is a consequence of the norm and orthogonality of the vectors gener¬ 
ating the plane, 

= Z°^Z°i = (X°)2 , X^Z°i = 0 . (4.63) 

Additionally the following identity can be verified, 

e^^XpX'^Z’'^ = 0, (4.64) 

meaning that the light-ray X lies on the plane Z. 


5 Quantization in twistor phase space: ♦-product and the geo¬ 
metrical Wigner function 

The first example of non-commutative space-time was proposed by Snyder [42,43], where the coordinates 
of the de Sitter space-time were represented as differential operators and extended with Lorentz genera¬ 
tors, thus spanning a representation of the so(4,1) algebra. Other simple examples of non-commutative 
geometries are the fuzzy sphere [26,27] and the (two-dimensional) quantum hyperboloid [24,25]. The 
generalization of these ideas to the broadest class of geometries has become a branch of mathematics 
known more generally as non-commutative geometry [44]. Indeed, the construction presented in section 
(3), i.e. the phase space (3.3) endowed with a ♦ -product, is known as Groenewold-Moyal space, Moyal 
space, or other similar names (See e.g. [45-49]), when viewed from a non-commutative geometry point of 
view. This space has inspired their generalization to more general non-commutative geometries making 
use of * -products, in particular in the quantization of Poisson manifolds [17,18,21], but also other 
spaces (see [50] and references therein). 

Using the equivalence of phase space and twistor space shown in section 4, it is simple to endow the 
twistor space with a non-commutative Groenewold-Moyal product and make it non-commutative. Thus, 
expressing the coordinates of light-cones and the Grassmannian Gr(2,4) in terms of twistor phase space 
variables is, in our approach, the first step towards their quantization. By quantization we mean that 
together with the deformation of the algebra of observables in twistor phase space, using the ^-product, 
a prescription for the measurement of their expectation values is needed. The latter is done here by 
introducing the geometrical Wigner function. This is the Wigner function in the Groenewold-Moyal 
approach but regarded geometrically, as it will be defined as a function in twistor phase space. 

We will determine the spectra of observables in non-commutative twistor phase space solving their *- 
genvalue equation, in the same way as this is done in the phase space formulation of quantum mechanics 
[16,19]. This is, 

G*W = gW, (5.65) 
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where g is the ^-genvalue of the geometric observable G, and W is the Wigner function. 

From (5.65), the variance of G with respect to the distribution W, 

Var(G) := (G*G) - (G)^ , (5.66) 

vanishes since, from (3.18) and (5.65), (G*G') = g^<(l) = and <G)^ = 5 ^, accurate measurement of G 
is insured. 

In the general case W will be a function in twistor phase space, but if it is an even function, it can be 
expanded in a basis of even-polynomial in twistor phase space, hence it can be expressed as a function 
of the coordinates of the light-cone and of the Grassmannian. 

In particular, G can be chosen to be some of the coordinates of the space-time in itself, or other 
geometrical objects, like area, volume, etc. When G is chosen as the time coordinate, which is our case, 
the spectrum of the time will be determined, leading to a foliation of the space-time in spatial slices. 
From non-commutativity, positions on these slices will be undetermined, though some observables could 
still be determined. At a given time, W can be interpreted as encoding the perspective of an observer 
of a spatial view plane. 


5.1 Quantization of the light-cone in 2 -f 1 dimensions 


From the definition of in terms of phase space twistors (4.41) and the lemma (3.29), we obtain the 
following deformation of the product of light-cone coordinates, 


U I' I „A I ni/ 

X^*X = X^ X + — 

2 16 


(5.67) 


which involves only Lorentz-covariant structures, the coordinates, the Levy-Civita pseudo-tensor and the 
metric tensor. Note that, though non-perturbative, the ♦-product provides corrections to the classical 
product x'' up to order . 

Now, the quantum deformation of the light-cone constraint (4.36) yields, 


• (5.68) 

16 

We observe here that this prescription of geometry quantization yields a deformation of the light-cone 
equivalent to a quantum one-sheet hyperboloid. From another point of view this can be regarded as 
the constraint defining a two-dimensional quantum de Sitter space. Thus the quantization of the cone 
smooths out the conical singularity. 


With the ♦-commutator the light-cone coordinates span a representation of the algebra so(2,1) = 
sp{2) = sZ( 2 , K), 


This can be extended with the following relations. 

(5.69) 

[Xfi, Goijt = ~ 2 (a*) of ’ 

(5.70) 

{Gq,, 4 x ^ , 

(5.71) 


where the latter is the ♦-anti-commutator (3.11). (5.69), (5.70) and (5.71) span a representation of the 
osp(l|2) superalgebra. The Casimir operator of the sl{2,M.) = so(l,2) is equivalent to the hyperboloid 
constraint (5.68) 

x^*x^ = -s{s - 1 )/h^ , ® ^ i ’ i ’ 

from which the spin of the representation is either 1/4 or 3/4. Indeed, the representation spanned by 
x^ is reducible, consisting of a direct sum of spins 1/4 and 3/4 representations. The degeneracy of the 
spin can be regarded as a consequence of supersymmetry. 


[x^*Xfj„Ca]* = 0 , 


(5.73) 
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generated by the “square roots” of La- 

We have chosen a parametrization of the coordinates of the light-cone in terms of phase space 
twistors such that the time direction coincides with the expression of the Harmonic oscillator Hamiltonian 
(cf. (3.30) and (4.37)). Hence we can use the Wigner ♦-genfunction of the one-dimensional harmonic 
oscillator (3.34), reinterpreted as the time-coordinate in space-time, and /h providing the units of a 
length. Thus the spectrum of the time reads, 

x°*Wn=(u{^ + ^)Wn, n = 0,l,2,... (5.74) 

It follows that the expectation values of time are 

(x°yn = J d^C x°*Wn = 4 (f + J) > n = 0,1, 2,... (5.75) 

The expectation value of the square of the radial coordinate, 

:= x^*x^+x'^*x'^ , (5.76) 

and the time are related through the equation (5.68), 

= + (5.77) 

Thus, we obtain that the time is quantized, as well as the square of the radius of the section of the 
quantum hyperboloid at constant time (x^)n, 

(r‘^)n = ((x°f + +’ n = 0,1,2,... (5.78) 

16 4 

The latter discrete radius circles will be referred to as quantum circles later, since positions on their 
perimeter cannot be determined from non-commutativity of the coordinates x^ and x"^. From (5.78) the 
area of a disc is quantized, 

(Adzsc}n = <7rr^>n = + n + l), n = 0,1, 2,... (5.79) 

Thus the values of the time and the radius of the circles are positive definite and bounded from 

below, 

<a;°>o = ^ , <r^>o = ^ ■ (5.80) 

5.2 Quantization of the light-cone in 3-1-1 dimensions and the Grassmannian 

Gr(2,4) 

From the definition of the ^-product (3.4) in the four dimensional case, we obtain the ♦-product defor¬ 
mation of the constraints (4.53), (4.58) and (4.64) respectively , 

, (5.81) 

= 0 , (5.82) 

= 0. (5.83) 

Like in the three dimensional case, the light-cone acquires a non-vanishing radius at the origin, thus 
defining a quantum hyperboloid. Alternatively (5.81) can be regarded as a quantum de Sitter space of 
three dimensions with some subtleties to be mentioned below. 
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The quantum equivalent of the constraint (4.58) that defines the Grassmannian Gr(2,4) keeps its 
form, hence there is a notion of quantum Grassmannian. The constraint (4.64) remains undeformed 
after quantization, which means that the “quantum light-ray” lies on the plane Z'^'^. The identity 
(4.59) changes however, 





(5.84) 


which is related to the change of the norm of the vectors generating the plane but, due to the 

homogeneity of the quantum Pliicker constraint (5.82), it does not depend on the norm of the generating 
vectors. 


With the help of the relations (3.29) and the expressions (4.50) and (4.54) we can derive the asso¬ 
ciative products: 


= X'^X'' + , 

2 8 


(5.85) 


Zn.i'^Z^P = Z>^"Z^P + i — (n‘ 

2 ^' 


uX 


ZP-P - r]P^Z"P + r]"PZ^P - r]PPZ^’') + 






(5.86) 


XP>^Z''^ = XPZ^^-i-^{r]^PX^-rj^PX^), Z‘'^*XP = XPZ''^+ i^{Tj^PX^- tj‘'pX^) . (5.87) 

Hence, using the Moyal bracket one finds the following commutation relations. 


[XP,X''], = , 

[ZP’', X% = ii^irf^XP - rf^X") , 


\ZP'', Z^P\ = ii^(jf^ZPP - j]P^Z''P -t rfPZ^P - rfPZ^'') , 


(5.88) 

(5.89) 

(5.90) 


thus spanning a representation of so(3, 2) algebra. Extended with the (anti)commutators. 


[XP, £„]* 


(5.91) 

[ZP-^, £„]* 

= -/h (7'^")o^^/3 , 

(5.92) 

{£«, £/3}» 

= 2X'^ (7^)„,a - ‘2ZP'' , 

(5.93) 


the so(3,2) algebra is extended to the osp(l|4) superalgebra. The operator equivalent of this repre¬ 
sentation of supersymmetry was studied in [51,52], though it was implicit in an early paper of Majo- 
rana [29,30]. Thus this remarkable representation discovered so early on corresponds to the quantum 
geometry of Gr(2,4) and its contained quantum hyperboloid. 

The quadratic products (5.81), (5.82), (5.83) and (5.84) are osp{l\A) invariant, since the infinitesimal 
transformations generated by Ca leave invariant the whole set of constraints satisfied by the light-cone 
and Pliicker coordinates. 


[XP^X^, £c]* =0, 
[eP'^^PZ^.^^Zxp, £o]* = 0 , 
[ZP''*Zp^, Cp], = 0 
[ep.XpXP*Z‘'^, £„]* = 0 . 


(5.94) 


The Wigner function associated to the time X° (4.52) is found by considering its equivalence with 
the two-dimensional harmonic oscillator Hamiltonian (3.33). This is. 


X°*Wnm = -^ {n + m + 1) Wnm , U, 771 = 0, 1, 2 


(5.95) 
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where 

Wnm = W„(qi,pi)*Wm(q 2 ,P 2 ) = Wn(qi, Pi) Wm(q 2 , P 2 ), n,m = 0,1,2,... (5.96) 

Thus its expectation value is, 

(X°)nm = J d^C X°*Wnm = ^ (n + m + 1), (5.97) 

The square of the radius of the sphere spanned by the front of light-rays, 

:= X^*X^ + , (5.98) 

is also quantized since, 

(R^) = (X°*X° + , (5.99) 

(R^}nm = (X°*X°+ ^^u\ = ^[in + m)^+ 2in + m) + 3y n, m = 0,1, 2,... (5.100) 


We will refer to these discrete radius spheres as quantum spheres, since positions on their surface cannot 
be determined from quantum uncertainty and non-commutativity of its coordinates. 

Hence the area of spheres 

(As'^)nm = (^{n + m)"^ + 2{n + m) + 3^ , n,m = 0,1,2,... (5.101) 


is also quantized. 

Again, the time and the radius of the cone are bounded from below. 


<AO>oo = I , (R\o = J/h' . 


(5.102) 


Since [A°, = 0 (5.89) the Wigner function for the time coordinate is also a ^-eigenfunction of 

^3 (4.57), 


Z^*W„m = -^{rn- n)Wnm , 


(5.103) 


and hence, 

(Z^)nm = y (m - n). (5.104) 

Thus A° and Z^ are Cartan sub-algebra generators of the so(3, 2) algebra generated by and 
Z^^'^ with the ♦-product. 


5.3 Quantization of area and volume 

Using the light-cone and Pliicker coordinantes we can construct three independent vectors, 

= {X\X^,X^), f = (Z°\Z°3), t = {Z\Z^,Z^), (5.105) 

which are orthonormal, 

t-It = y-y = -^ = {x°)^, jt -f = jt-y = y-y = 0 . ( 5 . 106 ) 

Here is the scalar product in gy introducing the cross product in g^n verify from the 

definitions (4.50) and (4.54) that. 


yxy = x°y, yxy = x°y, yxy = x°y. ( 5 . 107 ) 
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The products (5.106) and (5.107) can be deformed using the ^-product among vectors in addition to 
the scalar and cross product in denoted respectively •* and x*. Then, making use of the expressions 
(5.85), (5.86) and (5.87) we obtain. 


= x°*x° + ^, y = x^*x° - ^, 

and. 


(5.108) 


'yx^y = x°*y, y = x°*'y-^-^y, yx^y = x°*y + ^-^y. ( 5 . 109 ) 

From (5.108) we observe a deformation of the frame (5.105). Now the length of the vectors is 

.. . // ((!l^)^ + . (5.110) 

/ ^ ^ / \ 

(y •* y)nm = (y •* yyum = (X°*x° + ^ (^(n + mf + 2{n + m) + 3j , (5.111) 

n,m = 0,1,2,... (cf. (5.100)). 

From the cross products (5.109) we obtain a spectrum of the area of the squares with edges X^ and 
Y^, i.e. 

((Jt X* 7)3> = J d^£ (Jt X* y) 3 *Wnm = ^(n + m + l)(n - m). 

We define the observable associated to the volume of the box with edges ((^,1^,)^) as the cyclic 
combination, 

= ip •* (^ X, 7) + ^ (1^ X* ^) + •* (^ X* ^)) , 

which insures positive expectation values, 


r / ^ 

<V> = d'^C V*Wnm = ^(n + m + 1) ((n + m + 1)2 + 1) 


As a final remark for this section, we would like to point out that the associative product of light-cone 
coordinates in 2 + 1 dimensions (5.67) and of the light-cone and the Grassmannian in 3 + 1 dimensions 
(5.85)-(5.86)-(5.87) suggests the definition of general star-products independent of the twistor realization 
that led to them. This is such that those constants of structure are reproduced independently of the 
algebraic constraint satisfied by the light-cone and the Grassmannian. For instance (5.85) suggests the 
following associative product of four dimensional space-time coordinates, 

ji i ^ 

X'"^ge„X'" = , (5.112) 

2 8 

can be defined such that the classical invariant X'^X^ ^ 0 (cf. (4.53)) does not necessarily vanish. The 
anti-symmetric tensor will be not necessarily null ^ 0 (cf. (4.59)), and also the equivalent 

of the relations (4.58) and (4.64) may not vanish. The constants of structure of the associative product 
involving X^^ and can be read from (5.87)-(5.86). The algebra of X^^ and with the ♦gen- 
commutator will lead to a representation of the so(3, 2) algebra, and the Gasimir operators will combine 
contributions coming from the definition of ♦gen and of the classical invariants X'^X^, Z'^'^Z^^ and 
Z^^'^XfjXi,. This observation may be useful for the study of field theories in non-commutative space- 
time and also of theories of gravity, as they will provide covariant deformations. In fact many times 
the non-commutativity of coordinates is chosen such that the commutator [X^,Xt,]tg^^ is a central 
element, leading to a Heisenberg algebra, hence to the geometry of the Moyal plane. 
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6 Higher spin symmetries of the light-cone and Gr(2,4) 

Non-commutative twistor space is an essential ingredient of Vasiliev’s theory of higher spin gravity 
[33-37]. The theory of Vasiliev is a gauge theory of gravity where the spin connection and the frame 
field are infinitely extended by fields carrying all possible spin, including fractional spin in the case 
of Chern-Simons higher spin gravity [53,54]. The gauge algebras of these theories are called higher 
spin algebras and they are constructed out of Weyl algebras of non-commutative twistors, basically the 
algebra of generators Ca{n)i n = 0 ,..., oo (3.14) endowed with the star product (3.4), though a different 
order of the basis of the Weyl algebra (e.g. normal) with the correspondent definition of the *-product 
is also possible. The ♦-product plays an important role there, as the result of the product of generators 
of the higher spin algebra is re-expanded automatically in a predefined ordered basis. Hence the result 
of the product of higher spin gauge field valued in this algebra yields directly the contribution to the 
field strength for the corresponding higher spin field. Thus the higher spin algebra encodes the higher 
spin field interactions. Vasiliev’s theory is, by construction, symmetric under transformations generated 
by the Weyl algebra, up to graded commutation relation induced by statistics [55-59]. The reader may 
consult [33] and references therein for further details. 

In three dimensions it was shown that the symmetries of the quantum hyperboloid are equivalent to 
higher spin symmetries [25]. Here we show how this result is generalized to the four dimensional case, 
to the quantum hyperboloid and the quantum Grassmannian. 


The algebraic constraints satisfied by the quantum hyperboloid and the Grassmannian Gr(2,4), 
(5.68), (5.81), (5.82), (5.83) and (5.84), are of the form. 


C.{C) = 0. 


(6.113) 


Since their coordinates span representations of Lie (super)algebras containing Lorentz sub-algebras, 
they generate by themselves their symmetry transformations. Indeed, they possess infinite dimensional 
symmetries. It will be simple to prove this, since we have already shown that the constraints of the 
light-cone and the Grassmannian commute with the “square roots” of their coordinates Ca (5.73) and 
(5.94), namely 


[C* (£),£„]* =0. 


(6.114) 


Hence C*(£) will commute with arbitrary powers of Ca, and in particular with the infinite generators 
of the Weyl algebra Ca{n), defined in (3.14), 


[C* (£),£„(„)]* =0. 

The action of £„(«) can be exponentiated (cf. (3.22)), 

exp*(e) := 



(6.115) 


(6.116) 


k — times 


where 


eiC) := 2 , 


and := are the parameters of the transformation. 


For 


h = xf^, or h = {X>^, , 


(6.117) 


either in 2 + 1 or 3 + 1 dimensions, the transformations 


h = ghg ^ 5 := exp*(£(£)), g ^ := exp*(-&(£)), 


(6.118) 


leave invariant the systems of constraints of the quantum hyperboloids and of Gr(2,4). 
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7 Quantum causal structure: Quantum events and expansive 
quantum gravity 

As we observed, the quantization of the light-cone yields quantum hyperboloids. This suggests that at 
small scales the causal structure of the space-time may be modified. It is therefore natural to study the 
physics that would be derived if the quantum hyperboloid rules the causal structure of the space-time. 

We observed in (5.74) and (5.95) that for a time-observer the time is discrete and there is a minimal 
scale before which there is no notion of time (5.80)-(5.102). Constant time sections of the quantum 
hyperboloid are quantum circles (5.78) or quantum spheres (5.100), respectively in 2 -t 1 or 3 -I- 1 
dimensions, and their radius are bounded from below. Inside the later bounds there is no notion of 
time, hence no notion of causality. Thus, punctual events must be replaced by quantum events, which at 
a determined time occur in finite regions of space dubbed here quantum discs or quantum balls in 2 -I- 1 
or 3 + 1 dimensions respectively, and which are bounded by the quantum circle (5.80) or the quantum 
sphere (5.102). 

In 3 + 1 dimensions a quantum hyperboloid can be imagined as the “boundary” of a region hlled by 
quantum spheres that also represent quantum events potentially connected with the quantum event at 
the minimum of time. This can be imagined as an arrangement of quantum balls contained in a one- 
sheet hyperboloid. The causal propagation of a signal will consist in the transmission of information 
in a network of quantum balls. At distances smaller than a quantum ball there is no propagation of 
signals, thus in the region occupied by a quantum ball a field will be characterized by global parameters, 
therefore by their values at the boundary of the quantum ball, which is a quantum sphere. Effectively 
signals propagate on the boundaries of the quantum balls filling the space, which are the atoms of 
causally connected regions of space. In other words, information propagated from a quantum event to 
another in space-time travels through a foam of quantum spheres, formed by boundaries of quantum 
balls, yielding an effective causal structure governed by the quantum hyperboloid. The picture in 2 -I-1 
dimensions is analogous. 

We should comment here that the latter statements do not mean that quantum spheres cannot be 
“penetrated”. The former picture is valid for time-observers. We could have chosen to measure spatial 
distances with certainty, instead of time, or any other combination of coordinates or X'^, say S, such 
that its spectrum obtained from the ♦-genvalue equation, 

E*W = xW, (7.119) 

will be unbounded^, —oo < y < oo. Hence, we would be allowed to enter into the quantum disc/bail 
since y = 0 is an allowed value. But then the time would not be determined since [S,Ar°]* 7 ^ 0, and 
hence there will not be concept causality, i.e. it will not be possible to order events in time. Though 
it is interesting to introduce these type of observers, we prefer to focus our attention on the study of 
the space-time perspective for time-observer and leave the introduction of other types of observers for 
future works. 

For practical purposes one can define the effective quantum hyperboloid, as an effective classical 
geometry, 

(7.120) 

where 

in 2+1 dimensions : f : (7.121) 

1 13 

in 3-fl dimensions : f , imin = ■ (7.122) 

These surfaces will interpolate the discrete set of circles and spheres given in (5.78) and (5.100), with 
the respective parameters in the corresponding space-time dimensions. 

®For instance for S = or S = in the 2-1-1 or 3-1-1 dimensional case respectively, they are equivalent to “harmonic 
oscillators” with negative potential energy and hence their spectrum will be unbounded. 
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From (7.120) one can estimate the average speed of propagation of light. This is 



and its acceleration, 
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(7.123) 


(7.124) 


Note that vanishing speed of light and the infinite acceleration cannot be observed because the “horizon” 
at r2 = £2 1 = 0 is contained inside the the quantum event. 

The effective speed and the acceleration of light takes extreme values at the minimal radius quantum 
circle/sphere, 


in 2+1 dimensions 


in 3+1 dimensions 
while at infinity one obtains, 


cl,„ := lim,^ 1 


c = 


:= limt^^„ 
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^min ■ ^ ’ 
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t —»-00 t —»-00 


(7.125) 


(7.126) 


(7.127) 


Thus we observe that the effective speed of light is on average smaller than the classical value 1 
but accelerating. Asymptotically the acceleration vanishes and the speed of the light takes the value 
c = 1. The acceleration and the change of the speed of light are typical effects of gravity, which are 
now sourced by pure quantum mechanical effects. Hence we can conclude that quantum mechanics can 
be a source of a primitive form of quantum gravity at small scale. Indeed, since the sections of the 
one-sheet hyperboloid at a fixed time are wider than the sections of the classical light-cone, the space 
inside the hyperboloid looks in general as if it has expanded with respect to the classical case and so 
the wavelength of radiation will be redshifted. 

The quantum causal structure implies a different beginning of the universe too, as tracing back its 
history we would arrive to a beginning in a quantum ball, or perhaps a set of them, and therefore no 
singularity would be observed. 

Another implication of the finite size of quantum events is the eventual ceasing of a black hole 
evaporation process, stopping when it reaches the size of a quantum event. A black hole could not 
continue radiating after its event horizon coincides with the minimal size quantum sphere, since inside 
there are no processes in time that could occur. The black hole would achieve a finite state, stable and 
characterized by its global charges. This suggests that the final state of a black hole may indeed be a 
fundamental particle. 


8 Entropy in twistor phase space and the area of spheres 

A key element of our theory is that 2- and 4-dimensional twistor spaces under suitable reality conditions 
are equivalent to phase space of the same dimension provided the conditions given in section 4. Thus 
statistical mechanics in phase space can be translated to twistor space and hence to geometry. First 
of all the volume of a fundamental cell in 2 d dimensional twistor phase space will be given by (27r/H)'^, 
which provides a tool to count states in twistor phase space. Indeed, consider a ball of radius 

+ 9? +Pi + qh (8.128) 


21 








in 4 dimensional twistor phase space. Its volume is 


= —r^ 

TW 2 ™ * 

From (4.52), the square of (8.128) is proportional to the radius 

X^ = \l¥^ = -r^ 

V ^ TO 


(8.129) 


(8.130) 


of a sphere 5^ in 3 + 1 dimensional space-time, which is also a section of the light-cone (4.53) at time 
X'^. Thereby (8.129) can be expressed in terms of the area ^52 of the sphere of radius (8.130), 


= 27r.A52 , As2 = 4:TtX^ . (8.131) 

Roughly speaking, since twistors are “square roots” of space-time coordinates, volume elements in 
twistor phase space are “square roots” of hyper-volume elements in four dimensional space-time, i.e. 
equivalent to area elements. 

The equation (8.131) has the evident and remarkable implication that the number of fundamental 
cells of twistor phase space inside the volume (8.129), 


11“ = 


yu 


( 2^/„)2 ’ 

is proportional to the area of a two-sphere in space-time, 

1 


11 “ = 


27r/[j 


As^ ■ 


(8.132) 


(8.133) 


This means that for every fundamental cell in four dimensional twistor phase space we can assign a 
fundamental unit of area 27r/n on . 

The volume 14“ can be endowed with a probability distribution depending on the system it is 
representing. Black hole physics and the holographic principle suggest to look for distributions for which 
(8.133) will be proportional to the entropy, thus realizing the entropy area law expected to appear in 
holographic systems. 

For generic probability distributions the Gibbs entropy reads 


TW 

S = -A:b ^ Pi In Pi , 


(8.134) 


where fee is the Boltzmann constant. (8.134) will be proportional to the area As^ for a constant 
probability distribution p,j^. Indeed, can be determined from our construction. The observable in 
twistor phase space that we are studying is the space-time in itself, since the coordinates of the 
light-cone are obtained from twistor phase-space. There is a two-to-one correspondence of twistor phase 
space to space-time, reflected in the symmetry Ca C-a of (4.50), which means that could have 
been obtained either from Co. or —C-c^ hence to each cell in twistor phase space containing Ca one can 
assign probability 1/2 = p^^ to occur when X^^ is observed. Thus the Gibbs entropy yields 

S = (8.135) 

2 47r/H 

and therefore proportional to the area of the sphere (8.131)-(8.133), and it is equivalent to the Boltzmann 
entropy, 

S = ^B In A/s 2 , Ms 2 = 2-^s2/4^4' . (8.136) 
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From this equation, the twistor phase space volume has A /52 possible configurations, equivalent to 
one bit per element of area 47r/H^ on the sphere. 

The reader may wonder why the number of configurations in is A/s 2 and not , which would be 
the case for a one particle system, which would be observed in a single twistor phase space cell at each 
observation. The answer is then that the constant distribution twistor phase space = 1/2 does not 
correspond to a one particle system, but instead to an extended object, which is naturally identified with 
the sphere 5^ to which the equation (8.136) refers to. This is also an indication that 1/“ corresponds to 
a particular configuration of a membrane in a regime of a yet unknown theory, at least to the author’s 
knowledge. 

The entropy area law (8.135) lends to a comparison with the Bekenstein-Hawking entropy of a black- 
hole of area ^ 52 , though it has been shown that the area-entropy law applies to more general spaces (see 
e.g. [60,61,61,62]). This comparison would provide us with a theoretical way to obtain the numerical 
value of the Heisenberg length. 

The Bekenstein-Hawking entropy is given by 

Sbh = ^ , (8.137) 

where the Planck length is defined as, _ 

4:=a/^. (8.138) 

Equaling (8.135) and (8.137) we obtain the proportionality relation between the Heisenberg length and 
the Planck length, 


4 = 



(8.139) 


Though redundant, the Newton constant can be re-expressed as the quotient of fundamental con¬ 
stants, introduced from axioms of quantization. 


G 


N 


ln 2 h ’ 


(8.140) 


which reflects a microscopic origin of the Newton constant, and eventually of gravity. 

In the 2-1-1 dimensional case, the procedure that led to the correspondence of the entropy of a disc 
in twistor phase space and the perimeter of a circle can be carried out in an analogous way. 


9 Conclusions 

Introduced by R. Penrose, twistor space has been proposed as the underlying space of physical reality 
on top of which space-time emerges. In this philosophical proposal not only the space-time but also 
everything contained in the space-time exists in twistor space. Evidence in favor of Penrose’s view is, 
for instance, the great computational simplification of scattering amplitudes in gauge theory [63-66] 
when expressed in terms of twistors. Indeed, further developments in this direction have shown that 
non-perturbative scattering amplitudes in super-Yang-Mills theories are encoded in the geometry of 
Grassmannian varieties constructed in twistor space [66-69]. In addition, string theory and supergravity 
can be formulated as theories in twistor space [64,70,71] which shows that twistor space has the necessary 
structure to allow the construction of theories which aim to provide a deep description of nature. 

In our construction, twistor space can also be regarded as phase space, according to our discussion 
of section 4, and therefore it permits a fusion of geometry and mechanics, quantum and statistical, as 
we implemented in twistor phase space the phase space formulation of quantum mechanics. The latter 
approach is the resulting mathematical framework of a different perspective of quantum mechanics. 
As Moyal pointed out [15] quantum mechanics is essentially a statistical theory, therefore the relevant 
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objects are probability distributions, rather than wave functions which are considered instead as sec¬ 
ondary constructions. Thus, we introduce Wigner functions directly in twistor phase space, defined as 
those that allow the determination of expectation values of geometrical/mechanical observables from 
the respective *-genvalue equation. 

As a result of combining twistor space with the phase space formulation of quantum mechanics, 
we obtained a new framework where the functions in twistor phase space play a dual role as describing 
shapes in space-time and as describing mechanical observables. Thus we can use the “mechanical side” to 
compute the spectra of observables in twistor phase space, their mean values, and study their statistical 
mechanics. These results can then be interpreted from both points of view; mechanical and geometrical. 

We observed that the spectrum of the time was obtained in the same way as for a harmonic oscillator 
Hamiltonian, while other observables of the harmonic oscillator were reinterpreted as quantization of 
the light-cone, with the consequent modification of the causal structure of space-time, and of the Grass- 
mannian Gr(2,4). We then assumed a constant probability distribution in the twistor phase space and 
obtained the entropy of a finite volume, which using the “geometry side”, was shown to be proportional 
to the area of a sphere in space-time. Thus, for any mechanical object, or concept of quantum/statistical 
mechanics, there will be a geometrical reinterpretation referring to objects or concepts in space-time. 
The framework presented here provides the basis for a mechanical treatment of geometry, while the 
specific results concerning the light-cone and the Grassmannian Gr(2,4) can be regarded as illustrations 
of its implications. 

We believe that further developments of this theory may indeed help to understand the underlying 
nature of reality. Indeed, the present construction suggests that perhaps the “geometrical reality”, i.e. 
the shapes in space, and their dynamics, could be manifestations of a mechanical system. That this 
point of view may be meaningful from the phenomenological perspective is suggested by the cosmological 
implications of the modification of the causal structure of space-time, which provokes inflation and 
accelerated expansion of signals at small scale, which reminds us of features of dark energy. We also 
pointed out that the finite structure of quantum events would prevent complete evaporation of black 
holes and a singular origin of the universe. 
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